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Exact eigenstates of the parallel coupled double quantum dots attached to the non-interacting
leads taken in zero-bandwidth limit are analytically obtained in each particle and spin sector. The
ground state of the half-filled system is identified from a four dimensional subspace of the twenty
dimensional Hilbert space for different values of tunable parameters of the system viz. the energy
levels of the quantum dots, the interdot tunneling matrix-element, the ondot and interdot Coulomb
interactions and quantities like spin-spin correlation between the dots, occupancies of the dots are
calculated. In the parameter space of the interdot tunneling matrix-element and ondot Coulomb
interaction, the dots exhibit both ferromagnetic and antiferromagnetic correlation. There is a critical
dependency of the interdot tunneling matrix-element on the ondot Coulomb interaction which leads
to transition from the ferromagnetic correlation to the antiferromagnetic correlation as the interdot
tunneling matrix-element is increased. The ferromagnetic and antiferromagnetic correlations also
exist in the absence of interdot tunneling matrix-element through indirect exchange via the leads.
The interdot Coulomb interaction is found to affect this dependency considerably.
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2I. INTRODUCTION
Recent advances has made it possible to fabricate double quantum dot (DQD) devices [1, 2] at
nanoscale. Like single quantum dot, double quantum dots are also highly tunable [3, 4] and provide
a means to examine strongly correlated physics in a controlled setup. In double quantum dots the
electrons can be tuned individually and the electronic states in the dots probed in presence of a
small tunnel coupling allowed between the dots and the nearby source and drain leads [5, 6]. A
well defined number of electrons also imply a definite confined charge i.e. integer times the ele-
mentary electron charge [4]. This makes DQD system a leading candidate for the realization of
quantum bit i.e. qubit [7–9]. The DQD based devices have applications in quantum information
processing, spintronics [10, 11], spin pumping [12, 13] etc. Double quantum dots provide an ideal
model to study interaction between the localized impurity spins in a metal and also between the
localized spins and the conduction band electrons. Of the two interesting effects in these systems,
the Ruderman-Kittel-Kasuya-Yoshida (RKKY) interaction [14] favors spin ordering and the Kondo
effect [1, 15] causes quenching of individual spins by the conduction electrons.
The probed states in DQDs depend on various parameters such as the geometry of the system,
interdot tunneling, coupling with the leads and also the interdot and ondot Coulomb interactions.
We consider, the DQD system in a parallel geometry and calculate the spin-spin correlation be-
tween the dots to explore the nature of probed electronic states. The two quantum dots are
identical and tunnel coupled to each other between the connecting non-interacting leads. By con-
sidering leads in zero-bandwidth limit, the system becomes a finite site model which can handled
using exact diagonalization. The application of zero-bandwidth limit in our model lead it to ex-
actly solvable, analytically. The simple approach used here, has been widely used in quantum
dot systems to study transport and magnetic correlation in impurity systems. In earlier studies
with zero-bandwidth limit, the results obtained were in good agreement qualitatively, with those
obtained experimentally also very approximate to those obtained theoretically with other sophisti-
cated methods [17, 20]. With this approach, we have obtained analytical forms of the eigenstates
for all possible electron fillings. Using these eigenstates we have calculated spin-spin correlation
between the dots, analytically. To understand the behavior of correlation, we have investigated,
corresponding occupancies of the dots and the ground state of the system as a function of system
parameters.
The eigenstate so found are an extension of the isolated DQD system, with the effects of leads
incorporated in an approximate way [18]. The eigenstates thus found in zero-bandwidth limit may
be useful in qualitatively understanding transport properties of DQD system [20].
The manuscript is organized as follows: Sec. II contains the description of DQD system in par-
allel geometry with leads incorporated in zero-bandwidth limit. Analytical results for the system
are presented in Sec. III. In Section IV, we presents analytical calculation of spin-spin correlation
in the ground state of half-filled system, Sec. V contains the numerical results and in the last Sec.
VI, we conclude important outcomes.
II. MODEL
The system of DQD connected to the leads in parallel geometry is shown in Fig. (1). The system
can be described by the two-impurity Anderson model (2IAM) type Hamiltonian [16] consisting of
three parts
H = Hdqd +Hleads +Hhyb. (1)
3The Hamiltonian Hdqd describes the isolated DQD system
Hdqd =
∑
i=1,2
εi
∑
σ
c†iσciσ +
∑
i=1,2
Uini↑ni↓ + g
∑
σ,σ′
n2σn1σ′ + t
∑
σ
(
c†1σc2σ + c
†
2σc1σ
)
.
The first two terms in Hdqd represent energies of electrons on spin-degenerate levels εi of the dots
and Ui the respective ondot Coulomb interaction where i = 1, 2 indexes the quantum dots. The
third and fourth terms represent the interdot Coulomb interaction g and the interdot tunneling
matrix-element t respectively. The Hamiltonian Hleads describes the source and drain leads where
εlkσ (l = s, d) represent the dispersion relation for non-interacting electrons in their continuous
energy bands as
Hleads =
∑
l=s,d
∑
k,σ
εlkc
†
klσ
cklσ.
Finally, Hhyb describes the hybridization of the dots to the leads with possibly spin and k-dependent
hybridization parameters V lkσ (l = s, d)
Hhyb =
∑
l=s,d
∑
k,σ
∑
i=1,2
(
V lkσc
†
klσ
ciσ + V
l∗
kσc
†
iσcklσ
)
.
The zero-bandwidth limit of the leads described by the Hamiltonian Hleads is taken by replacing
FIG. 1. Schematic diagram of DQD system in parallel geometry. The dots are coupled to the source and
drain leads through hybridization parameters V s,d. In the ZBW limit, there is only one level−the Fermi
level− on each of the leads. Dots 1 and 2 are tunnel-coupled through the matrix-element t. The dot
energies are given by ε1 and ε2 whereas U1 and U2 are the respective ondot Coulomb interactions. The
parameter g denotes the interdot Coulomb interaction.
the continuous energy band of the leads εlkσ (l = s, d) by the respective Fermi levels with finite
degeneracy [17, 20]. The Hamiltonian H in eq. (1) thus contain a finite number of interacting and
non-interacting levels and the problem can managed to be solved exactly. In the present work, we
consider only one level, the Fermi level, on both the source and the drain leads [21]. Thus leads are
incorporated in an approximate way in the DQD system. The model Hamiltonian (1) simplifies in
zero-bandwidth limit to a four-site Hamiltonian
Hzbw = Hdqd +
∑
l=s,d
εlF
∑
σ
c†lσclσ +
∑
l=s,d
∑
i=1,2
∑
σ
(
V liσc
†
lσciσ + V
l∗
iσ c
†
iσclσ
)
(2)
4where the hybridization parameter V liσ has been assumed to be k-independent. The DQD system
described by Hzbw in equation (2) can accommodate up to N = 8 electrons and the case N = 4
electrons correspond to half-filling. The Hamiltonian in eq. (2) is invariant under the source-
drain exchange i.e. symmetric under the transformation s ↔ d and also invariant under dot-1
and dot-2 exchange ı.e. symmetric under the transformation 1↔ 2. For the four-site Hamiltonian
Hzbw described in eq. (2) the dimensionality of the Hilbert space is 20 × 20 in the half-filled case
with total spin S = 0. This difficulty can be further simplified by taking hybridization to the
leads V
s(s∗)
i = V
d(d∗)
i ≡ V (∗)i to be symmetric [23–26] and the chemical potential in the two leads
as εsF = ε
d
F ≡ εF , the Fermi energy, corresponding to the equilibrium situation [18, 20]. This
enables one to transform the fermionic operators of the leads to their symmetric, antisymmetric
combinations [17] and the Hamiltonian in eq. (2) reduces to a three-plus-one site problem (the
antisymmetric combination of lead operators decouples) [19].
Hzbw = H3−site ⊕H1−site (3)
Only the symmetric combination of the lead operators α†sσ |0〉 ≡ 1√2
(
c†sσ + c
†
dσ
)
|0〉 couples with
the dots. The problem now remains to solve the Hamiltonian H3−site given as
H3−site = Hdqd + εF
∑
σ
α†sσαsσ +
∑
σ
∑
i=1,2
√
2
[
Viσα
†
sσciσ + V
∗
iσc
†
iσαsσ
]
. (4)
We now can find all the eigenvalues of the three site Hamiltonian H3−site in eq. (4) for different
electron fillings. The Hamiltonian H1−site is the decoupled diagonal term described as
H1−site = εF
∑
σ
α†aσαaσ (5)
where α†aσ |0〉 ≡ 1√2
(
c†sσ − c†dσ
)
|0〉 is the antisymmetric combination of the fermionic operators in
the leads. To obtain any physical quantity for the system we must have eigenenergies and corre-
sponding eigenvectors of the complete four-site Hamiltonian Hzbw. The eigenstates of the Hamil-
tonian Hzbw can be constructed by taking direct product of the eigenstates of the Hamiltonians
H1−site and H3−site and the corresponding eigenenergies can also be obtained [22].
III. ANALYTICAL RESULTS
The analytical eigenstates of the Hamiltonian H3−site have been obtained considering the fol-
lowing simplifications. The hybridization parameters Viσ in eq. (4) are taken to be real, symmetric
and spin-independent i.e. Viσ = V
∗
iσ ≡ V . The energy levels of the two dots are also taken to be
the same i.e. ε1 = ε2 ≡ ε. Further, for interacting cases, the ondot Coulomb interactions on the
two dots are taken to be the same U1 = U2 ≡ U .
In the absence of ondot and interdot interactions i.e. U = 0 and g = 0, these simplifications
allow the transformation of the dot operators to their symmetric and antisymmetric combinations
as d†sσ |0〉 ≡ 1√2
(
c†1σ + c
†
2σ
)
|0〉 and d†aσ |0〉 ≡ 1√2
(
c†1σ − c†2σ
)
|0〉 respectively. Under these transfor-
mations the four-site Hamiltonian in eq. (3) can be written as
Hzbw = Heod ⊕Hda ⊕H1−site (6)
5where
Heod = (ε+ t)
∑
σ
d†sσdsσ + εF
∑
σ
α†sσαsσ + 2V
∑
σ
(
α†sσdsσ + d
†
sσαsσ
)
(7)
is the effective one-dot Hamiltonian with ondot energy and hybridization parameter modified to
(ε+ t) and 2V respectively. The Hamiltonian in eq. (7) shows that the symmetric combination of
dot-operators d†sσ couples with the symmetric combination of the leads operators α
†
sσ. The Hamil-
tonian Hda is one-site decoupled diagonal term corresponding to the antisymmetric combination of
the dot operators, described as
Hda = (ε− t)
∑
σ
d†aσdaσ . (8)
The Hamiltonian Hzbw in eq. (6) is the (2 + 1 + 1)-site problem and mathematically it is very easy
to obtain all eigenvalues and eigenvectors corresponding to all electron numbers.
A. Eigensolutions of H1−site
For one-electron situation, the eigenstate of H1−site is given as H1−site
∣∣∣λ1,0ξ0 〉 = εF ∣∣∣λ1,0ξ0 〉 where∣∣∣λ1,0ξ0 〉 ≡ α†aσ |0〉 with ξ0 ≡ (N,S, Sz) = (1, 12 ,+ 12) and corresponds to the antisymmetric combi-
nation of the lead states i.e. α†aσ |0〉 = 1√2
(
c†sσ − c†dσ
)
|0〉. The eigenstates are labeled as λ1−site,iN,S,Sz
where the triad (N,S, Sz) is the set of quantum numbers labeling the state in N particle sector; S
and Sz being the total spin and its z-component, respectively. For two-electron situation the eigen-
state is a singlet given as H1−site
∣∣∣λ1,0ξ 〉 = 2εF ∣∣∣λ1,0ξ 〉 with ∣∣∣λ1,0ξ 〉 ≡ α†a↑α†a↓ |0〉 and ξ = (2, 0, 0).
B. One electron eigenstates of H3−site Hamiltonian
We now consider one-electron solution of H3−site in the subspace represented by set of quantum
numbers ξ0 ≡ (N,S, Sz) =
(
1, 12 ,+
1
2
)
. The one-electron basis states are given as |1〉1e = c†1σ |0〉,
|2〉1e = c†2σ |0〉, |3〉1e = α†sσ |0〉 and the Hamiltonian matrix over the basis becomes ε t √2Vt ε √2V√
2V
√
2V εF
 .
In the one-electron situation, as is evident, the ondot and interdot interactions do not play any role.
The eigenvalues of the above one-electron Hamiltonian matrix labeled as λ3−site,iN,S,Sz are given as λ
3,1
ξ0
=
ε− t, λ3,2ξ0 = 12 (ε+ εF + t−R′) and λ
3,3
ξ0
= 12 (ε+ εF + t+R
′) where R′ =
√
(ε− εF + t)2 + 16V 2.
One of the eigenvectors is given as
∣∣∣λ3,1ξ0 = ε− t〉 = 1√2 (|1〉1e − |2〉1e) and corresponds to the anti-
symmetric combination of the dot states. The other two eigenstates labeled by j = 2, 3 are given
as
∣∣∣λ3,jξ0 〉1e = Cj,1ξ0 |1〉′1e + Cj,2ξ0 |3〉1e with |1〉′1e ≡ 1√2 (|1〉1e + |2〉1e). The set of coefficients Cj,iξ0 are
given as Cj,1ξ0 = ±2V/D0j , C
j,2
ξ0
= ±
(
λ3,jξ0 − εF
)
/D0j where D0j =
√(
λ3,jξ0 − εF
)2
+ 4V 2. If the
6Fermi levels of the leads are set at εF = 0 zero and the dot levels below it ε < εF the ground state
in this subspace is given by
∣∣∣λ3,2ξ0 〉. In the limit V → 0, the eigenvalues reduces to λ3,1ξ0 = ε − t,
λ3,2ξ0 = εF , λ
3,3
ξ0
= ε + t. The eigenvalues λ3,1ξ0 and λ
3,3
ξ0
correspond to the eigenstates of isolated
DQD system and the eigenvalue λ3,2ξ0 corresponds to the eigenstates of the decoupled leads.
C. Two electron eigenstates of H3−site Hamiltonian
1. Subspace N = 2, S = 0, Sz = 0
This subspace may be labeled as ξ ≡ (N,S, Sz) = (2, 0, 0). With total spin of the two elec-
tron S = 0 zero, it corresponds to a singlet case. The basis states are spatially symmetric and
anti-symmetric in spin. The Hilbert space dimensionality in this subspace is six and the ba-
sis states are given as |1〉2e = |i〉, |2〉2e = |¯i〉, |3〉2e = |Ξ〉, |4〉2e = 1√2
(
c†1↑α
†
s↓ + α
†
s↑c
†
1↓
)
|0〉,
|5〉2e = 1√2
(
c†2↑α
†
s↓ + α
†
s↑c
†
2↓
)
|0〉, |6〉2e = |l〉. The notations |i〉, |¯i〉, |Ξ〉 and |l〉 are defined in
B. The Hamiltonian matrix over the basis becomes
2ε+ U 0
√
2t 2V 0 0
0 2ε+ U
√
2t 0 2V 0√
2t
√
2t 2ε+ g
√
2V
√
2V 0
2V 0
√
2V ε+ εF t 2V
0 2V
√
2V t ε+ εF 2V
0 0 0 2V 2V 2εF
 .
Two of the eigenvalues of the above matrix are given as λ3,1ξ =
1
2 (3ε+ εF + U − t−R) and
λ3,2ξ =
1
2 (3ε+ εF + U − t+R) with their corresponding eigenvectors as∣∣∣λ3,1ξ 〉 = ±1√2R(R−∆) [(∆−R) |2〉′2e + 4V |5〉′2e] and ∣∣∣λ3,2ξ 〉 = ±1√2R(R+∆) [(∆ +R) |2〉′2e + 4V |5〉′2e].
Where ∆ = ε − εF + t + U , R =
√
∆2 + 16V 2 and the states |2〉′2e = 1√2 (|1〉2e − |2〉2e),
|5〉′2e = 1√2 (|4〉2e − |5〉2e). The remaining eigenstates can be found by diagonalizing the following
4× 4 matrix over the basis |3〉2e , |1′〉2e ≡ 1√2 (|1〉2e + |2〉2e) , |4〉
′
2e ≡ 1√2 (|4〉2e + |5〉2e) and |6〉2e:
ε′1 2t 2V 0
2t ε′2 2V 0
2V 2V ε′3 2
√
2V
0 0 2
√
2V 2εF

where ε′1 = 2ε + g, ε
′
2 = 2ε + U , ε
′
3 = ε + εF + t. The four eigenvalues labeled as i =
3, 4, 5, 6 are obtained as λ3,iξ = yi − a14 where a1 = − (ε′1 + ε′2 + ε′3 + 2εF ). The values yi are
given by y3,4 =
1
2
(
−k1 ±
√
k21 − 4m1
)
and y5,6 =
1
2
(
+k1 ±
√
k21 − 4n1
)
. Where k1, m1 and
n1 can be obtained from A using parameters b1 = (2εF + ε
′
1) (ε
′
1 + ε
′
2 + ε
′
3) + ε
′
2ε
′
3 − ε′21 −
4
(
t2 + 4V 2
)
, c1 = (2εF + ε
′
3)
(
4t2 − ε′1ε′2
)
+ 2 (ε′1 + ε
′
2)
(
6V 2 − εF ε′3
)
+ 16V 2 (εF − t) and d1 =(
ε′1ε
′
2 − 4t2
) (
2εF ε
′
3 − 8V 2
) − 8V 2εF (ε′1 + ε′2 − 4t). The corresponding normalized eigenvectors
7∣∣∣λ3,iξ 〉 are given as ∣∣∣λ3,iξ 〉 = C1,iξ |3〉2e + C2,iξ |1〉′2e + C3,iξ |4〉′2e + C4,iξ |6〉2e . (9)
The coefficients Cj,iξ are given by C
1,i
ξ = ∓ (2V γ1iγ4i) /Di, C2,iξ = ∓ (2V γ2iγ4i) /Di, C3,iξ =
±γ4iγ5i/Di, C4,iξ = ∓
(
2
√
2V γ5i
)
/Di with γ1i = ε′2 − 2t− λ3,iξ , γ2i = ε′1 − 2t− λ3,iξ , γ3i = ε′1 − λ3,iξ ,
γ4i = 2εF − λ3,iξ , γ5i = (γ3iγ1i + 2tγ2i) and Di =
√
γ25i (γ
2
4i + 8V
2) + 4V 2γ24i (γ
2
1i + γ
2
2i). In this
subspace the ground state of the two-electron system is given by
∣∣∣λ3,3ξ 〉. In the limit V → 0
with εF = 0, one can obtain the eigenvalues of the isolated DQDs as λ
1
dqd = 2ε + U , λ
2
dqd =
1
2
[
4ε+ g + U −
√
(U − g)2 + 16t2
]
and λ3dqd =
1
2
[
4ε+ g + U +
√
(U − g)2 + 16t2
]
. The remain-
ing eigenvalues λ3,1ξ = ε− t, λ3,5ξ = ε+ t and λ3,6ξ = 0 appear due to increased dimensionality of the
Hilbert space due to hybridization with the leads.
2. Subspace N = 2, S = 1, Sz = 1
This subspace may be labeled as ξ′ ≡ (N,S, Sz) = (2, 1, 1). With total spin of two-electrons
equal to one, it corresponds to triplet case. For the non-magnetic case it is sufficient to consider
the subspace Sz = 1. The basis states are symmetric in spin and antisymmetric with respect
to their spatial indices. The Hilbert space is just three dimensional with basis states |7〉2e = |σ〉,
|8〉2e = c†1↑α†s↑ |0〉 and |9〉2e = c†2↑α†s↑ |0〉. The Hamiltonian matrix over the basis is given as 2ε+ g √2V −√2V√2V ε+ εF t
−√2V t ε+ εF
 .
The eigenvalues of the above 3× 3 matrix can be easily obtained by performing the transformation
of the states |8〉2e and |9〉2e as |8〉′2e = 1√2 (|8〉2e − |9〉2e) and |9〉
′
2e =
1√
2
(|8〉2e + |9〉2e). One obtains
λ3,7ξ′ = ε+ εF + t, λ
3,8
ξ′ =
1
2 (3ε+ g + εF − t+R0) and λ3,9ξ′ = 12 (3ε+ g + εF − t−R0) where R0 =√
∆20 + 16V
2 with ∆0 = ε−εF +g+t. The one of the eigenvectors is given as
∣∣∣λ3,7ξ′ 〉 = |9〉′2e and the
other two labeled by j = 8, 9 are given as
∣∣∣λ3,jξ′ 〉 = ±1√2R0(R0+αj∆0) [−4V |7〉2e + (∆0 + αjR0) |8〉′2e]
where αj = −1 for j = 8 and αj = +1 for j = 9. If the Fermi levels of the leads are set at εF = 0
zero and the dot levels below it ε < εF the ground state in this subspace is given by
∣∣∣λ3,8ξ′ 〉
D. Three electron eigenstates of H3−site Hamiltonian
1. Subspace N = 3, S = 1/2, Sz = 1/2
This subspace may be labeled by the triad ξ1 ≡ (N,S, Sz) =
(
3, 12 ,+
1
2
)
. The three electron
Hilbert space in the S2-symmetry adapted basis with total spin S = 12 and Sz = +
1
2 is eight
8dimensional. The basis states are given as |1〉3e = α†s↑ |Ξ〉 , |2〉3e = 1√3
(
α†s↑ |Θ〉 −
√
2α†s↓ |σ〉
)
,
|3〉3e = c†i¯↑ |i〉, |4〉3e = α†s↑ |i〉, |5〉3e = c†i↑ |¯i〉, |6〉3e = α†s↑ |¯i〉, |7〉3e = c†i↑ |l〉, |8〉3e = c†i¯↑ |l〉. Where
|Ξ〉, |Θ〉, |σ〉, |i〉, |¯i〉 and |l〉 are defined in B. The Hamiltonian matrix over the basis is given as
ad1 0 −V
√
2t −V √2t −V −V
0 ad1
√
3V 0 −√3V 0 −√3V √3V
−V √3V ε′′2
√
2V −t 0 0 0√
2t 0
√
2V ad3 0 0 −
√
2V 0
−V −√3V −t 0 ε′′2
√
2V 0 0√
2t 0 0 0
√
2V ad3 0 −
√
2V
−V −√3V 0 −√2V 0 0 ε′′4 t
−V √3V 0 0 0 −√2V t ε′′4

where ε′′2 = 3ε + U + 2g, ε
′′
4 = ε + 2εF . The above matrix under the basis transformation |3〉′3e =
1√
2
(|3〉3e + |5〉3e), |4〉′3e = 1√2 (|4〉3e + |6〉3e), |5〉
′
3e =
1√
2
(|3〉3e − |5〉3e), |6〉′3e = 1√2 (|4〉3e − |6〉3e),
|7〉′3e = 1√2 (|7〉3e + |8〉3e) and |8〉
′
3e =
1√
2
(|7〉3e − |8〉3e), block diagonalizes into two 4× 4 matrices
of which one defined over the basis
{|1〉3e , |3〉′3e , |4〉′3e , |7〉′3e} is given as
ad1 −
√
2V 2t −√2V
−√2V ad2
√
2V 0
2t
√
2V ad3 −
√
2V
−√2V 0 −√2V ad4

where ad1 = 2ε + εF + g, a
d
2 = 3ε − t + U + 2g, ad3 = 2ε + U + εF and ad4 = ε + t + 2εF .
The eigenvalues of the above matrix labeled as i = 1, 2, 3, 4 are given as λ3,iξ1 = yi − a2/4 where
a2 = −
(
ad1 + a
d
2 + a
d
3 + a
d
4
)
and the values yi are given by y1,2 =
1
2
(
−k2 ±
√
k22 − 4m2
)
, y3,4 =
1
2
(
+k2 ±
√
k22 − 4n2
)
. Where k2, m2 and n2 can be obtained from A using b2 = −8V 2 − 4t2 +
ad1
(
ad2 + a
d
4
)
+ad3
(
ad1 + a
d
4
)
+ad2
(
ad3 + a
d
4
)
, c2 = 4V
2
(
ad1 + a
d
2 + a
d
3 + a
d
4
)−(ad2 + ad4) (ad1ad3 − 4t2)−
ad2a
d
4
(
ad1 + a
d
3
)
and d2 = 16V
4 + 8V 2t
(
ad2 − ad4
)−2V 2 (ad1 + ad3) (ad2 + ad4)+ad2ad4 (ad1ad3 − 4t2). The
corresponding normalized eigenvectors
∣∣∣λ3,iξ1 〉 are given by∣∣∣λ3,iξ1 〉 = C1,iξ1 |1〉3e + C2,iξ1 |3〉′3e + C3,iξ1 |4〉′3e + C4,iξ1 |7〉′3e . (10)
The coefficients Cj,iξ1 in a compact form are given as C
1,i
ξ1
= ± (K3iP4i) /D1i,
C2,iξ1 = ∓
√
2V P4i (K1i −K3i) / (P2iD1i), C3,iξ1 = ± (K1iP4i) /D1i, C
4,i
ξ1
= ±√2V (K1i +K3i) /D1i.
Where K1i ≡ P2i
(
ad1 − 2t− λ3,iξ1
)
− 4V 2, P2i ≡ ad2 − λ3,iξ1 , K3i ≡ P2i
(
ad3 − 2t− λ3,iξ1
)
− 4V 2,
P4i ≡ ad4 − λ3,iξ1 with D1i =
√
P24i (K21i +K23i) + 2V 2
[
P24i
(
ad1 − ad3
)2
+ (K1i +K3i)2
]
.
The other 4× 4 matrix defined over the basis {|2〉3e , |5〉′3e , |6〉′3e , |8〉′3e} is given as
ad1
√
6V 0 −√6V√
6V ad5
√
2V 0
0
√
2V ad3 −
√
2V
−√6V 0 −√2V ad6

9where ad5 = 3ε + t + U + 2g, a
d
6 = ε − t + 2εF . The eigenvalues of the above matrix labeled as
i = 5, 6, 7, 8 are obtained as λ3,iξ1 = yi−a3/4 where a3 = −
(
ad1 + a
d
3 + a
d
5 + a
d
6
)
and the values yi are
given by y5,6 =
1
2
(
−k3 ±
√
k23 − 4m3
)
and y7,8 =
1
2
(
+k3 ±
√
k23 − 4n3
)
. Where k3, m3 and n3
can be obtained from A using b3 = a
d
1a
d
5 +a
d
3a
d
6 +
(
ad1 + a
d
5
) (
ad3 + a
d
6
)−16V 2, c3 = 4V 2 (ad1 + 3ad3)−(
ad5 + a
d
6
) (
ad1a
d
3 − 8V 2
) − ad5ad6 (ad1 + ad3) and d3 = ad1ad3ad5ad6 − 2V 2 (ad5 + ad6) (ad1 + 3ad3). The cor-
responding normalized eigenvectors
∣∣∣λ3,iξ1 〉 are given as∣∣∣λ3,iξ1 〉 = C5,iξ1 |2〉3e + C6,iξ1 |5〉′3e + C7,iξ1 |6〉′3e + C8,iξ1 |8〉′3e . (11)
The coefficients Cj,iξ1 are given as C
5,i
ξ1
= ±√6V P ′3i (P ′5i + P ′6i) /D2i, C6,iξ1 = ∓P ′1iP ′3iP ′6i/D2i, C
7,i
ξ1
=
±√2V P ′1i (P ′5i + P ′6i) /D2i, C8,iξ1 = ±P ′1iP ′3iP ′5i/D2i, P ′1i = ad1 − λ
3,i
ξ1
, P ′3i = ad3 − λ3,iξ1 , P ′5i = ad5 −
λ3,iξ1 , P ′6i = ad6 − λ
3,i
ξ1
and D2i =
√
P ′21iP ′23i (P ′25i + P ′26i) + 2V 2 (P ′6i + P ′5i)2 (3P ′23i + P ′21i). The ground
state of this subspace
∣∣∣λ3,0ξ1 〉 corresponds to λ3,0ξ1 = min(λ3,1ξ1 , λ3,5ξ1 ). In this subspace two of the
eigenvalues obtained in the limit V → 0 with εF = 0 as λ1dqd = 3ε−t+U+2g and λ2dqd = 3ε+t+U+2g
correspond to the eigenvalues of the isolated DQDs.
2. Infinite U →∞ limit
The eigenstates calculated for the subspace ξ1 ≡ (N,S, Sz) =
(
3, 12 ,+
1
2
)
in previous section
III D 1 do not consider any limiting case for any of the system parameters. In this section we
consider the infinite ondot Coulomb interaction U → ∞ limit to calculate the eigenstate of the
Hamiltonian H3−site for the same subspace. Considering U → ∞ limit we see that the Hilbert
space dimensionality reduces from eight to four as the basis states |3〉3e, |4〉3e, |5〉3e and |6〉3e
having the double occupancy on the dots are eliminated. Thus we have to consider only four
dimensional Hilbert space with basis states |1〉3e, |2〉3e, |7〉3e and |8〉3e. The Hamiltonian matrix
over the reduced four dimensional Hilbert space becomes
ad1 0 −V −V
0 ad1 −
√
3V
√
3V
−V −√3V ε′′4 t
−V √3V t ε′′4
 .
The above matrix under the basis transformation |7〉′3e = 1√2 (|7〉3e + |8〉3e) and
|8〉′3e = 1√2 (|7〉3e − |8〉3e), block diagonalizes into two 2 × 2 matrices of which one defined over
the basis
{|1〉3e , |7〉′3e} is given by (
ad1 −
√
2V
−√2V ad4
)
The eigenvalues are given as λ3,jξ1,∞ =
1
2
(
ad1 + a
d
4 + α
j
√(
ad1 − ad4
)2
+ 8V 2
)
labeled by j = 1, 2
with αj = −1 for j = 1 and αj = +1 for j = 2. The corresponding eigenvectors are given as∣∣∣λ3,jξ1,∞〉 = C1,jξ1,∞ |2〉3e +C2,jξ1,∞ |8〉′3e. The coefficients Ci,jξ1,∞ are obtained as Cj,1ξ1,∞ = √2V/D∞ and
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Cj,1ξ1,∞ =
(
ad1 − λ3,jξ1,∞
)
/D∞ with D∞ =
√(
ad1 − λ3,jξ1,∞
)
+ 2V 2.
The other 2× 2 matrix defined over the basis {|2〉3e , |8〉′3e} is given by(
ad1 −
√
6V
−√6V ad6
)
where ε′′4 , a
d
1 and a
d
6 are defined in section III D 1. The eigenvalues λ
3,k
ξ1,∞ labeled by k = 3, 4 are
given as λ3,kξ1,∞ =
1
2
(
ad1 + a
d
6 + α
k
√(
ad1 − ad6
)2
+ 24V 2
)
with αk = −1 for k = 3 and αk = +1 for
k = 4. The coefficients Ci,jξ1,∞ are given as C
j,1
ξ1,∞ =
√
6V/D∞ and Cj,1ξ1,∞ =
(
ad1 − λ3,jξ1,∞
)
/D∞ with
D∞ =
√(
ad1 − λ3,jξ1,∞
)
+ 6V 2 .
It can be seen that if the Fermi levels of the leads are set equal to zero i.e. εF = 0 and ondot
energies taken below it ε < εF , the ground state corresponds to
∣∣∣λ3,3ξ1,∞〉 with eigenvalue λ3,3ξ1,∞.
The four particle ground state of the complete zero bandwidth Hamiltonian Hzbw for U →∞ case
can be found by adding an electron to the one particle ground state of the Hamiltonian H1−site
(given in section III B) and combining it with the ground state
∣∣∣λ3,3ξ1,∞〉 to form a singlet with total
spin S = 0. Thus, the only ground state of the Hamiltonian Hzbw in the U → ∞ limit is given
by
∣∣∣λ4,0(4,0,0),∞ = λ3,3ξ1,∞ + εF〉 = 1√2 (α†a↑ ∣∣∣λ3,33, 12 ,− 12 ,∞〉− α†a↓ ∣∣∣λ3,3ξ1,∞〉). It is found that the spin-spin
correlation between the dots in this ground state given by〈
λ4,0(4,0,0),∞
∣∣∣S1 · S2 ∣∣∣λ4,0(4,0,0),∞〉 = 14 ∣∣∣C1,3ξ1,∞∣∣∣2 (12)
is always ferromagnetic.
3. Subspace N = 3, S = 3
2
, Sz =
3
2
The only eigenstate and corresponding eigenvector in this subspace is given as H3−site |9〉3e =
(2ε+ εF ) |9〉3e where |9〉3e = α†s↑ |σ〉.
E. Four electron eigenstates of H3−site Hamiltonian
1. Subspace N = 4, S = 0, Sz = 0
This subspace may be labeled by the triad ξ2 ≡ (N,S, Sz) = (4, 0, 0). The Hilbert space
for the four-electron in the S2-symmetry adapted basis with total spin S = 0 is six dimen-
sional. The basis states are given as |1〉4e = α†s↑α†s↓ |Ξ〉, |2〉4e = 1√2
(
c†1↑α
†
s↓ + α
†
s↑c
†
1↓
)
|¯i〉, |3〉4e =
1√
2
(
c†2↑α
†
s↓ + α
†
s↑c
†
2↓
)
|i〉, |4〉4e = |D〉, |5〉4e = α†s↑α†s↓ |i〉, |6〉4e = α†s↑α†s↓ |¯i〉. Where |Ξ〉, |¯i〉, |D〉 and
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|i〉 are defined in B. 
e1 −
√
2V −√2V 0 √2t √2t
−√2V e2 −t 2V 0 2V
−√2V −t e2 2V 2V 0
0 2V 2V e3 0 0√
2t 0 2V 0 e4 0√
2t 2V 0 0 0 e4

Where e1 = 2ε+ g + 2εF , e2 = 3ε+ U + 2g + εF , e3 = 4ε+ 2U + 4g and e4 = 2ε+ U + 2εF . The
above matrix under the basis transformation |2〉′4e = 1√2 (|2〉4e + |3〉4e), |3〉
′
4e =
1√
2
(|2〉4e − |3〉4e),
|5〉′4e = 1√2 (|5〉4e + |6〉4e) and |6〉
′
4e =
1√
2
(|5〉4e − |6〉4e) block diagonalizes into two matrices, one
4× 4 and other 2× 2. The 4× 4 matrix defined over the basis {|1〉4e , |2〉′4e , |4〉4e , |5〉′4e} is given as
e1 −2V 0 2t
−2V e ′2 2
√
2V 2V
0 2
√
2V e3 0
2t 2V 0 e4

with e ′2 = e2− t. The eigenvalues of the above matrix labeled by i = 1, 2, 3, 4 are obtained as λ3,iξ2 =
yi−a4/4 where a4 = − (e1 + e ′2 + e3 + e4). The values yi are given by y1,2 = 12
(
−k4 ±
√
k24 − 4m4
)
,
y3,4 =
1
2
(
+k4 ±
√
k24 − 4n4
)
where k4, m4 and n4 can be obtained from A using the parameters
b4 = −4
(
t2 + 4V 2
)
+ e1e4 + e
′
2e3 + (e1 + e4) (e
′
2 + e3), c4 = 8V
2 (e3 + 2t)− (e ′2 + e3)
(
e1e4 − 4t2
)−
(e1 + e4)
(
e ′2e3 − 12V 2
)
and d4 =
(
e ′2e3 − 8V 2
) (
e1e4 − 4t2
) − 4V 2e3 (e1 + e4 + 4t). The eigenvec-
tors
∣∣∣λ3,iξ2 〉 corresponding to the eigenvalues λ3,iξ2 are given as∣∣∣λ3,iξ2 〉 = C1,iξ2 |1〉4e + C2,iξ2 |2〉′4e + C3,iξ2 |4〉4e + C4,iξ2 |5〉′4e . (13)
The coefficients Cj,iξ2 are given by C
1,i
ξ2
= ∓ (2V P ′′4iK′3i) /D3i, C2,iξ2 = ∓ (K′3iK′2i) /D3i, C
3,i
ξ2
=
± (2√2VK′2i) /D3i, C4,iξ2 = ± (2V P ′′1iK′3i) /D3i where K′1i = e1−λ3,iξ2 , K′3i = e3−λ3,iξ2 , K′4i = e4−λ3,iξ2 ,
K′2i = K′1iK′4i − 4t2, P ′′1i = e1 + 2t − λ3,iξ2 , P ′′4i = e4 + 2t − λ
3,i
ξ2
and
D3i =
√
(K′23i + 8V 2)K′22i + 4V 2K′23i (P ′′21i + P ′′24i ). The other 2 × 2 matrix defined over the ba-
sis
{|3〉′4e , |6〉′4e} is given as (
e ′′2 −2V
−2V e4
)
.
The eigenvalues are given as λ3,5ξ2 =
1
2 (e4 + e
′′
2 −R1) and λ3,6ξ2 = 12 (e4 + e ′′2 +R1) where e ′′2 = e2 + t
and R1 =
√
(e4 − e ′′2 )2 + 16V 2. The corresponding eigenvectors labeled by i = 5, 6 are given as∣∣∣λ3,iξ2 〉 = ± 1√(
e′′2 −λ3,iξ2
)2
+4V 2
[
2V |3〉′4e +
(
e ′′2 − λ3,iξ2
)
|6〉′4e
]
. In the limit V → 0 with εF = 0 one of
the above eigenvalues correspond to the isolated DQDs as λ1dqd = 4ε+ 2U + 4g.
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2. Subspace N = 4, S = 1, Sz = 1
This subspace may be labeled by ξ′2 = (N,S, Sz) = (4, 1, 1). The Hilbert space is three dimen-
sional. The basis states are given as |7〉4e = c†2↑α†s↑ |i〉, |8〉4e = c†1↑α†s↑ |¯i〉 and |9〉4e = α†s↑α†s↓ |σ〉.
The Hamiltonian matrix over the above three dimensional Hilbert space becomes e ′1 −t √2V−t e ′1 −√2V√
2V −√2V e ′3

where e ′1 = 3ε + U + 2g + εF , e
′
3 = 2ε + g + 2εF . The above matrix can be easily diagonalized
by performing the transformation |7〉′4e = 1√2 (|7〉4e + |8〉4e) and |8〉
′
4e =
1√
2
(|7〉4e − |8〉4e). The
eigenvalues are given as λ3,7ξ′2
= e ′1 − t, λ3,8ξ′2 =
1
2 (e
′
3 + e
′
1 + t−R2) and λ3,9ξ′2 =
1
2 (e
′
3 + e
′
1 + t+R2).
The corresponding eigenvectors are given by
∣∣∣λ3,7ξ′2 〉 = |7〉′4e and the other two labeled by k = 8, 9 as∣∣∣λ3,kξ′2 〉 = ±1√(
λ3,k
ξ′2
−e′3
)2
+4V 2
[(
λ3,kξ′2
− e ′3
)
|8〉′4e + 2V |9〉4e
]
with R2 =
√
(e ′1 + t− e ′3)2 + 16V 2. The
ground state in this subspace is given by
∣∣∣λ3,8ξ′2 〉.
F. Five electron eigenstates of H3−site Hamiltonian
With five electron (N = 5) on three site, the only possible total spin is S = 1/2. The subspace
may be labeled as ξ3 = (N,S, Sz) = (5, 1/2,+1/2). The Hilbert space is three dimensional. The
basis states are given as |1〉5e = α†s↑ |D〉, |2〉5e = c†2↑α†s↑α†s↓ |i〉 and |3〉5e = c†1↑α†s↑α†s↓ |¯i〉. The
Hamiltonian matrix over the Hilbert space is given as ed1 −√2V −√2V−√2V ed2 −t
−√2V −t ed2

where ed1 = 4ε + 2U + 4g + εF and e
d
2 = 3ε + U + 2g + 2εF . The eigenvalues are given as
λ3,1ξ3 = e
d
2 + t, λ
3,2
ξ3
= 12
(
ed1 + e
d
3 −R3
)
and λ3,3ξ3 =
1
2
(
ed1 + e
d
3 +R3
)
. The eigenvectors are given
as
∣∣∣λ3,1ξ3 〉 = 1√2 (|2〉5e − |3〉5e) and ∣∣∣λ3,kξ3 〉 = ± 1√(
ed1−λ3,kξ3
)2
+4V 2
[
2V |1〉5e +
(
ed1 − λ3,kξ3
)
|2〉′5e
]
where
k = 2, 3 with |2〉′5e = 1√2 (|2〉5e + |3〉5e), ed3 = ed2 − t and R3 =
√(
ed1 − ed3
)2
+ 16V 2. The ground
state in this subspace is given by
∣∣∣λ3,2ξ3 〉.
G. Six electron eigenstate of H3−site Hamiltonian
With six electron in the system, the only possible total spin is S = 0 and there is only one basis
state which is also the eigenstate of the Hamiltonian H3−site given as H3−site |1〉6e = (4ε + 2U +
4g + 2εF ) |1〉6e where |1〉6e = α†s↑α†s↓ |D〉.
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IV. SPIN-SPIN CORRELATION FOR THE HALF-FILLED CASE
Using the eigenstates of the Hamiltonians H3−site and H1−site obtained analytically above, we
now calculate spin-spin correlation 〈S1 · S2〉 between the quantum dots for the half-filled case i.e.
N = 4 where S1 and S2 are the spins associated with dot-1 and dot-2, respectively. For the non-
magnetic case, the ground state
∣∣∣λ4,0N=4,S=0,Sz=0〉 lies in total spin S = 0 subspace. The Hilbert
space dimensionality of the four-site problem corresponding to the zero-bandwidth Hamiltonian
Hzbw in eq. (2) for the half-filled case in the subspace with total spin S = 0 is 20. Within this
20 dimensional Hilbert space, the ground state lies in a four-dimensional subspace, identified as
follows. The four possible ground states of the zero-bandwidth Hamiltonian Hzbw in eq. (2) can
be constructed from the eigenstates of the Hamiltonians H3−site in eq. (4) and H1−site in eq. (5)
as below.
1. One way is to add two-electrons to the decoupled orbital αaσ of the Hamiltonian H1−site to
form the singlet
∣∣∣λ1,02,0,0〉 = α†a↑α†a↓ |0〉 and couple this to the two-electron singlet ground state∣∣∣λ3,32,0,0〉 of the Hamiltonian H3−site so as to form the 4-electron singlet with total spin S = 0.
2. Another way is to add one-electron to the decoupled orbital αaσ of the Hamiltonian H1−site to
form the spin 12 state
∣∣∣λ1,0
1, 12 ,+
1
2
〉
= α†a↑ |0〉 and couple this to the three-electron spin 12 ground
state
∣∣∣λ3,0
3, 12 ,+
1
2
〉
of the three-site Hamiltonian H3−site so as to form the 4-electron singlet with
total spin S = 0.
3. The last possibility to construct the four-electron singlet ground state
∣∣∣λ4,04,0,0〉 of the Hamil-
tonian Hzbw is given by the four-electron ground state of the three-site Hamiltonian H3−site
i.e. when there is no electron in decoupled orbital αaσ of the Hamiltonian H1−site.
Table I summarizes how the four possible ground states of the four-site Hamiltonian Hzbw at the
half-filling can be constructed from the eigenstates of H3−site and H1−site. For a given set of
values of system parameters, the ground state
∣∣∣λ4,ηξ2 〉 of the four-electron system corresponds to
the eigenvalue λ4,ηξ2 = min
[
λ4,1ξ2 ,
(
λ4,2ξ2 , λ
4,3
ξ2
)
, λ4,4ξ2
]
. One can find
∣∣∣λ3,1
3, 12 ,− 12
〉
or
∣∣∣λ3,5
3, 12 ,− 12
〉
using total
spin lowering operator as
∣∣∣λ3,5
3, 12 ,− 12
〉
= S−
∣∣∣λ3,5
3, 12 ,+
1
2
〉
where S− = S−1 +S
−
2 +S
−
s with S
−
s = α
†
s↓αs↑,
for the symmetric combination of the leads. The form of these possible ground states are given as∣∣λ4,1ξ2 〉 = C1,3ξ α†a↑α†a↓ |Ξ〉+ C2,3ξ ( 1√2
)
α†a↑α
†
a↓ (|i〉+ |¯i〉)
+ C3,3ξ
(
1
2
)[(
c†1↑ + c
†
2↑
)
α†s↓ + α
†
s↑
(
c†1↓ + c
†
2↓
)] ∣∣l¯〉+ C4,3ξ α†a↑α†a↓ |l〉 (14)
∣∣λ4,2ξ2 〉 = C1,1ξ1 ( 1√2
)(
α†a↑α
†
s↓ − α†a↓α†s↑
)
|Ξ〉+ C3,1ξ1
(
1
2
)(
α†a↑α
†
s↓ − α†a↓α†s↑
)
(|i〉+ |¯i〉)
+ C2,1ξ1
(
1
2
)[(
α†a↑c
†
2↓ − α†a↓c†2↑
)
|i〉+
(
α†a↑c
†
1↓ − α†a↓c†1↑
)
|¯i〉
]
+ C4,1ξ1
(
1
2
)[
α†a↑
(
c†1↓ + c
†
2↓
)
− α†a↓
(
c†1↑ + c
†
2↑
)]
|l〉 (15)
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η N1−site N3−site Ground state Ground state Possible ground states
of H1−site of H3−site
∣∣∣λ4,ηξ2 〉 of Hzbw
1 2 2
∣∣∣λ1,0ξ = 2εF〉 ∣∣∣λ3,3ξ 〉 ∣∣∣λ4,1ξ2 = λ3,3ξ + 2εF〉 = α†a↑α†a↓ ∣∣∣λ3,3ξ 〉
2 1 3
∣∣∣λ1,0ξ0 = εF〉 ∣∣∣λ3,1ξ1 〉 ∣∣∣λ4,2ξ2 = λ3,1ξ1 + εF〉 = 1√2 (α†a↑ ∣∣∣λ3,13,1/2,−1/2〉− α†a↓ ∣∣∣λ3,1ξ1 〉)
3 1 3
∣∣∣λ1,0ξ0 = εF〉 ∣∣∣λ3,5ξ1 〉 ∣∣∣λ4,3ξ2 = λ3,5ξ1 + εF〉 = 1√2 (α†a↑ ∣∣∣λ3,53,1/2,−1/2〉− α†a↓ ∣∣∣λ3,5ξ1 〉)
4 0 4
∣∣∣λ3,1ξ2 〉 ∣∣∣λ4,4ξ2 = λ3,1ξ2 〉 = ∣∣∣λ3,1ξ2 〉
TABLE I. Four possible ground states
∣∣∣λ4,ηξ2 〉 labeled by η with corresponding eigenenergies λ4,ηξ2 of the
zero-bandwidth Hamiltonian Hzbw for four-electron half-filled case constructed using the ground states of
the Hamiltonians H1−site and H3−site. The eigenstates
∣∣∣λ1,0ξ0 〉 and ∣∣∣λ1,0ξ 〉, with respective eigenvalues λ1,0ξ0
and λ1,0ξ , correspond to one-electron and two-electron ground states of the Hamiltonian H1−site given in
section(III B). The eigenstates
∣∣∣λ3,3ξ 〉, (∣∣∣λ3,1ξ1 〉 , ∣∣∣λ3,5ξ1 〉) and ∣∣∣λ3,1ξ2 〉 are the two-electron, three-electron and
four-electron ground states of the Hamiltonian H3−site given in sections (III C 1), (III D 1) and (III E 1),
respectively where λ3,3ξ ,
(
λ3,1ξ1 , λ
3,5
ξ1
)
and λ3,1ξ2 are the respective eigenvalues. The total number of electrons
is given by N = N1−site + N3−site where N1−site and N3−site are the number of electrons for the
Hamiltonians H1−site and H3−site, respectively. The triads ξ0 =
(
1, 1
2
,+ 1
2
)
, ξ = (2, 0, 0), ξ1 =
(
3, 1
2
,+ 1
2
)
and ξ2 = (4, 0, 0) are the set of quantum numbers (N,S, Sz) labeling the eigenstates in N particle sector;
S and Sz being the total spin and its z-component, respectively.
∣∣λ4,3ξ2 〉 = C5,5ξ1 ( 1√6
)[(
α†s↑α
†
a↓ + α
†
s↓α
†
a↑
)
|Θ〉+
√
2α†a↑α
†
s↑ |σ¯〉+
√
2α†a↓α
†
s↓ |σ〉
]
+ C6,5ξ1
(
1
2
)[(
α†a↑c
†
2↓ − α†a↓c†2↑
)
|i〉+
(
α†a↓c
†
1↑ − α†a↑c†1↓
)
|¯i〉
]
+ C7,5ξ1
(
1
2
)(
α†a↑α
†
s↓ − α†a↓α†s↑
)
(|i〉 − |¯i〉) +
+ C8,5ξ1
(
1
2
)[
α†a↑
(
c†1↓ − c†2↓
)
− α†a↓
(
c†1↑ − c†2↑
)]
|l〉
(16)
∣∣λ4,4ξ2 〉 = C1,1ξ2 α†s↑α†s↓ |Ξ〉+ C2,1ξ2 (12
)[(
c†1↑α
†
s↓ + α
†
s↑c
†
1↓
)
|¯i〉+
(
c†2↑α
†
s↓ + α
†
s↑c
†
2↓
)
|i〉
]
+ C3,1ξ2 |D〉+ C
4,1
ξ2
(
1√
2
)
α†s↑α
†
s↓ (|i〉+ |¯i〉) . (17)
Where the symbols |i (¯i)〉, |σ (σ¯)〉, |Θ〉, |Ξ〉 and ∣∣l (l¯)〉 represents states on the dots and the leads
respectively, has been defined in B. At zero temperature, the spin-spin correlation between the
dots corresponding to four possible ground states is calculated as
〈
λ4,ηξ2
∣∣∣S1.S2 ∣∣∣λ4,ηξ2 〉 where Si.Sj =
1
2
(
S+i S
−
j + S
−
i S
+
j
)
+ Szi S
z
j with S
z
i =
1
2 (ni↑ − ni↓), S+i = c†i↑ci↓ and S−i = c†i↓ci↑. The analytically
calculated spin-spin correlation between the dots and the occupancies in the four possible ground
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states for the four-site half-filled case is summarized in Table II. If
∣∣∣λ4,1ξ2 〉 is the ground state of the
system, the dots have average occupancies 〈ni〉 varying between 0 to 1, leading to antiferromagnetic
correlation between the dots. The ground state
∣∣∣λ4,2ξ2 〉 also lead to antiferromagnetic correlation
between the dots. The only ground state
∣∣∣λ4,3ξ2 〉 lead to ferromagnetic correlation between the dots
and the average occupancies of the dots 〈ni〉 varies between 0 and 1.5. The average occupancies
〈niσ〉 for the dots in the ground state
∣∣∣λ4,4ξ2 〉 can have a maximum value 2 due to the doublet |D〉
in eq. (17) and the spin-spin correlation 〈S1 · S2〉 leading to antiferromagnetic correlation between
dots to a maximum value of − 34 .
η
〈
λ4,ηξ2
∣∣∣S1.S2 ∣∣∣λ4,ηξ2 〉 Type of correlation 〈λ4,ηξ2 ∣∣∣n1σ ∣∣∣λ4,ηξ2 〉
1 − 3
4
∣∣∣C1,3ξ ∣∣∣2 Antiferromagnetic ∣∣∣C1,3ξ ∣∣∣2 + ∣∣∣C2,3ξ ∣∣∣2 + 12 ∣∣∣C3,3ξ ∣∣∣2
2 − 3
4
∣∣∣C1,1ξ1 ∣∣∣2 Antiferromagnetic ∣∣∣C1,1ξ1 ∣∣∣2 + 32 ∣∣∣C2,1ξ1 ∣∣∣2 + ∣∣∣C3,1ξ1 ∣∣∣2 + 12 ∣∣∣C4,1ξ1 ∣∣∣2
3 + 1
4
∣∣∣C5,5ξ1 ∣∣∣2 Ferromagnetic ∣∣∣C5,5ξ1 ∣∣∣2 + 32 ∣∣∣C6,5ξ1 ∣∣∣2 + ∣∣∣C7,5ξ1 ∣∣∣2 + 12 ∣∣∣C8,5ξ1 ∣∣∣2
4 − 3
4
∣∣∣C1,1ξ2 ∣∣∣2 Antiferromagnetic ∣∣∣C1,1ξ2 ∣∣∣2 + 32 ∣∣∣C2,1ξ2 ∣∣∣2 + 2 ∣∣∣C3,1ξ2 ∣∣∣2 + ∣∣∣C4,1ξ2 ∣∣∣2
TABLE II. Spin-spin correlation 〈S1 · S2〉 between the dots for the four possible ground states
∣∣∣λ4,ηξ2 〉
labeled by η = 1, 2, 3, 4 listed in Table I. The coefficients given in the rows corresponding to η = 1, 2, 3, 4
i.e. C1,3ξ , C
1,1
ξ1
, C5,5ξ1 and C
1,1
ξ2
etc. are given in equations (9), (10), (11) and (13) respectively. The symbols
ξ0 =
(
1, 1
2
,+ 1
2
)
, ξ = (2, 0, 0), ξ1 =
(
3, 1
2
,+ 1
2
)
and ξ2 = (4, 0, 0) are the set of quantum numbers (N,S, Sz) la-
beling the eigenstates in N particle sector; S and Sz being the total spin and its z-component, respectively.
In the non-interacting case (i.e. U = 0 and g = 0) the possible ground states are listed in the
Table III. The explicit expression for them can be easily found, for the case when Fermi levels in the
leads are set at εF = 0 and the dot levels below it ε < εF , the ground state in this case corresponds
to the eigenvalue λ5ξ2,0 is given by∣∣λ5ξ2,0〉 = C10 |D〉+ C20α†s↑α†s↓ [12 (|i〉+ |¯i〉)− 1√2 |Ξ〉
]
+ C30
[
1√
2
(
c†1↑α
†
s↓ + α
†
s↑c
†
1↓
)
|¯i〉+ 1√
2
(
c†2↑α
†
s↓ + α
†
s↑c
†
2↓
)
|i〉
]
(18)
where C10 = ± 12R′0 (ε− εF + t−R
′
0), C
2
0 = ∓ 12R′0 (ε− εF + t+R
′
0) and C
3
0 = ±2
√
2 VR′0
. The
spin-spin correlation between the dots in this ground state becomes〈
λ5ξ2,0
∣∣S1 · S2 ∣∣λ5ξ2,0〉 = −38 ∣∣C20 ∣∣2 (19)
If the spins S1 and S2 associated with the dots are considered as the spins decoupled from the
leads, the two dots can form a singlet (S˜ = 0) or a triplet (S˜ = 1) and the spin-spin correlation
S1.S2 =
1
2
(
S˜2 − S21 − S22
)
is given by
〈S1.S2〉 =
{
− 34 S˜ = 0
+ 14 S˜ = 1.
(20)
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η′ Number on electron Number on electron Number on electron Ground state Ground state
∣∣∣λη′ξ2,0〉 of
on Heod on Hda on H1−site energy of Heod non-int Hzbw
1 0 2 2 -
∣∣λ1ξ2,0〉 = α†a↑α†a↓d†a↑d†a↓ |0〉
2 1 2 1
∣∣λeodξ0,0〉 ∣∣λ2ξ2,0〉 = 1√2d†a↑d†a↓ (α†a↑ ∣∣∣λeod1, 12 ,− 12 ,0〉− α†a↓ ∣∣λeodξ0,0〉)
3 1 1 2
∣∣λeodξ0,0〉 ∣∣λ3ξ2,0〉 = 1√2α†a↑α†a↓ (d†a↑ ∣∣∣λeod1, 12 ,− 12 ,0〉− d†a↓ ∣∣λeodξ0,0〉)
4 2 1 1
∣∣λeodξ,0 〉 ∣∣λ4ξ2,0〉 = 1√2 (d†a↑α†a↓ + α†a↑d†a↓) ∣∣λeodξ,0 〉
5 2 2 0
∣∣λeodξ,0 〉 ∣∣λ5ξ2,0〉 = d†a↑d†a↓ ∣∣λeodξ,0 〉
6 2 0 2
∣∣λeodξ,0 〉 ∣∣λ6ξ2,0〉 = α†a↑α†a↓ ∣∣λeodξ,0 〉
7 3 1 0
∣∣λeodξ1,0〉 ∣∣λ7ξ2,0〉 = 1√2 (d†a↑ ∣∣∣λeod3, 12 ,− 12 ,0〉− d†a↓ ∣∣λeodξ1,0〉)
8 3 0 1
∣∣λeodξ1,0〉 ∣∣λ8ξ2,0〉 = 1√2 (α†a↑ ∣∣∣λeod3, 12 ,− 12 ,0〉− α†a↓ ∣∣λeodξ1,0〉)
9 4 0 0
∣∣λeodξ2,0〉 ∣∣λ9ξ2,0〉 = α†s↑α†s↓d†s↑d†s↓ |0〉
TABLE III. Possible ground states in the non-interacting case. Where λeodξ0,0 =
1
2
(ε+ εF + t−R′0), λeodξ,0 =
ε + εF + t − R′0, λeodξ1,0 = 12 [3 (ε+ εF + t)−R′0], λeodξ2,0 = 2 (ε+ εF + t) and R′0 =
√
(ε− εF + t)2 + 16V 2.
The eigenstates
∣∣∣λη′ξ2,0〉 can be obtained easily with the help of eigenstates of Heod corresponding to the
eigenvalues λeodξ0,0, λ
eod
ξ,0 , λ
eod
ξ1,0
and λeodξ2,0. The symbols ξ0 =
(
1, 1
2
,+ 1
2
)
, ξ = (2, 0, 0), ξ1 =
(
3, 1
2
,+ 1
2
)
and
ξ2 = (4, 0, 0) are the set of quantum numbers (N,S, Sz) labeling the eigenstates in N particle sector; S
and Sz being the total spin and its z-component, respectively.
Thus as the limiting case spin-spin correlation between the dots for our four-site half-filled case are
bounded as − 34 ≤ 〈S1.S2〉 ≤ +14 .
V. NUMERICAL RESULTS
The numerical calculations are done using analytical expressions for the eigenstates in Table I
and spin-spin correlation in Table II for the half-filled case. The hybridization of the dots with the
leads V is usually kept as weak as possible so that the number of confined electrons are prevented
from strong fluctuations [4]. We fixed the Fermi energy of the leads at εF = 0 V and dot energies at
ε = −5V i.e. below the Fermi level so as to further prevent the fluctuations in the confined electron
number, taking the hybridization V as the smallest parameter, the unit of energy. In Fig. 2(a)
we plot spin-spin correlation between the dots 〈S1 · S2〉 as a function of interdot tunneling matrix-
element t and ondot Coulomb interaction U at fixed value of the interdot Coulomb interaction
g = 0 V . The spin-spin correlation between the dots can be classified into two regions identified
as having ferromagnetic (〈S1 · S2〉 > 0) and antiferromagnetic (〈S1 · S2〉 < 0) correlations. It is
observed that the ferromagnetic correlation between the dots takes place for U  |ε| ≥ t. The
ferromagnetic correlation attains its maximum value 〈S1 · S2〉 ≈ 14 for small values of interdot
tunneling matrix-element t ∼ V . Different type of spin-spin correlation between the dots in the
half-filled case, listed in Table II, can be understood with the help of corresponding many-body
ground state in the total spin S = 0 subspace, listed in Table I. Ferromagnetic correlation between
the dots takes place when each dot has an average occupancy of one-electron with parallel spins.
The other two-electrons are present on the leads with their spins anti-parallel to the dot spins so
as to give total spin S = 0. Such a configuration for the state is favored when ondot Coulomb
interaction is large U  |ε| > t so as to avoid double occupancy on the dots. In the ferromagnetic
region shown in Fig. 2(a), the average occupancy of the two dots in the corresponding region is
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nearly one 〈ni〉 ≈ 1, as can be seen from Fig. 2(b) for dot-1 (since the two dots are identical,
we give occupation number of dot-1 only). Figure 2(c) shows values of integer η corresponding to
one of the possible ground states listed in Table I, in U -t parameter space. For the ferromagnetic
correlation, the ground state of the system is found to correspond to η = 3 and the sign of spin-spin
correlation 〈S1 · S2〉 in this state is positive, as seen in Table II. The ferromagnetic correlation can
(a)〈S1 · S2〉 (b)Avg. occupation 〈n1〉 (c)Ground state
∣∣∣λ4,ηξ2 〉
FIG. 2. For the half-filled case with the Fermi energy fixed at εF = 0, the dot energies at ε = −5V and the
interdot Coulomb interaction at g = 0V ; in the unit of the hybridization parameter V . In (a) We show the
spin-spin correlation 〈S1 · S2〉 between the dots for the half-filled case as a function of interdot tunneling
matrix-element t and ondot Coulomb interaction U . The possible values lie between − 3
4
to + 1
4
. Positive
values of 〈S1 · S2〉 > 0 signifies the ferromagnetic correlation whereas the negative values 〈S1 · S2〉 < 0
the antiferromagnetic correlation between the dots. (b) We show the average occupation of the dot-1 〈n1〉
as a function of interdot tunneling matrix-element t and ondot Coulomb interaction U , can have values
between 0 to 2. (c) We show the ground state of the half-filled system as a function of interdot tunneling
matrix-element t and ondot Coulomb interaction U . The integer value of η identifies one of the possible
ground states listed in Table II. In the figure above, yellow corresponds to η = 3 and brown to η = 4.
have a maximum value of 14 weighted by the coefficient C
5,5
ξ1
in eq. (11) determined by the system
parameters. The coefficient C5,5ξ1 in the ground state in eq. (16) is the probability amplitude of
the state 1√
6
[(
α†s↑α
†
a↓ + α
†
s↓α
†
a↑
)
|Θ〉+√2α†a↑α†s↑ |σ¯〉+
√
2α†a↓α
†
s↓ |σ〉
]
, which has spins on the dots
|Θ〉, |σ¯〉 and |σ〉 coupled to form a triplet.
In U -t parameter space as can be seen from Fig. 2(a), most of the region corresponds to the antifer-
romagnetic correlation between the dots (〈S1 · S2〉 < 0). The average occupancies 〈ni〉 of the dots
varies between 1 and 2 as observed in Fig. 2(b). For large values of the ondot Coulomb interaction
U >> |ε| the dots are singly occupied 〈ni〉 ∼ 1 and for small values U ≤ |ε| the dots can have
double occupancies 〈ni〉 ∼ 2. The ground state corresponds to η = 4 in Table I as evident from
Fig. 2(c). From its explicit expression given in the eq. (17) it can be seen that the contribution to
spin-spin correlation 〈S1 · S2〉 comes only from first term corresponding to the the coefficient Cξ1,12
as given in the Table II. The basis state α†s↑α
†
s↓ |Ξ〉 with probability amplitude Cξ1,12 shows that
the electrons on the dots form a singlet |Ξ〉. The spin-spin correlation can have its maximum value
〈S1 · S2〉 ≈ −34 in U − t parameter space for U  |ε| and t V .
Interdot tunneling matrix-element t ≈ 0: The two dots in parallel geometry are correlated,
directly through the tunneling matrix-element t and indirectly via leads through the hybridization
parameter V . Due to this fact the model exhibits correlation between the dots even for vanishing
interdot tunneling matrix-element t ≈ 0, as can be seen from Fig. 2(a). In this case the ondot
Coulomb interaction U plays a key role in controlling the occupancies on the dots resulting in fer-
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romagnetic or antiferromagnetic correlation between the dots. For U ≤ |ε|, the dots can possibly
be doubly occupied as the average occupation number on each dot takes values 1 ≤ 〈ni〉 ≤ 2, as
can be seen from Fig. 2(b). The corresponding correlation between the dots is antiferromagnetic
as can be seen from Fig. 2(a). This can be understood by considering a perturbation scheme for
a three particle state [17]. If a three particle state contains two-electrons, one on each dot with
anti-parallel spins and the third electron on leads; this enables one of the dot electrons to transfer
to the leads and then to the other dot (indirect exchange) through the hybridization parameter
V . From Fig. 2(c), we find that the ground state corresponds to the state η = 4 in Table I with
the corresponding sign of 〈S1 · S2〉 given in Table II as negative, signifying that the correlation is
antiferromagnetic.
As the ondot Coulomb interaction becomes large U  |ε|, the dots exhibits ferromagnetic cor-
relation between them. This can again be understood through perturbations considering a three
particle state. If a three particle state contains two-electrons, one on each dot (double occupancy
avoided due to large U) and the third electron on the leads. In order to lower the ground state
energy, the spins of the electrons on the dots must be aligned parallel (for ferromagnetic correlation
to occur) and aligned antiparallel with respect to the lead electrons. The fourth electron is aligned
appropriately so that the total spin of the four-electron system is zero, S = 0; such a configuration
is clearly seen in the state |2〉3e obtained in eq. (11).
Non-interacting case: In the absence of ondot and interdot interactions i.e. U = 0 and g = 0,
the spin-spin correlation between the dots disappears with 〈S1 · S2〉 ≈ 0 for small values of interdot
tunneling matrix-element t ∼ V as seen in Fig. 3(a). However, for large values of the interdot
tunneling matrix-element t  V , the dots exhibit antiferromagnetic correlation between them as
seen in Fig. 3(a). This behavior of antiferromagnetic correlation is similar for U < |ε|, as shown
for three values of ondot Coulomb interaction U = 0.5V, 1V, 2V in Fig. 3(a). In this situation,
two electrons with opposite spins can reside on a dot (Pauli exclusion principle) and the interdot
tunneling matrix-element t may cause one of the electrons to transfer to the other dot; occupied by
an electron with opposite spin. With increasing interdot tunneling matrix-element t, the spin-spin
correlation between the dots attains a maximum value of 〈S1 · S2〉 = − 38 , as can be readily verified
by explicit expression for 〈S1 · S2〉 for the half-filled case obtained from eq. (19). This can be
clearly observed from Fig. 3(a) or from Fig. 2(a). In Fig. 3(a), we also have plotted the spin-spin
correlation 〈S1 · S2〉 for very large value of ondot coulomb interaction U = 107 ∼ ∞. As now
the dots can only be singly occupied, it exhibit ferromagnetic correlation for any value of interdot
tunneling matrix element t. The maximum value is found to be 〈S1 · S2〉 ≈ 14 cand can be verified
through analytical value calculated in eq. (12) in U →∞ limit. In Fig. 3(b), we have plotted the
spin-spin correlation 〈S1 · S2〉 between the dots as a function of ondot Coulomb interaction U for
six different values of interdot tunneling matrix-element t = 0.0, 0.2V, 0.4V, 0.6V, 0.8V, 1.0V in the
absence of interdot interaction g = 0. It is observed that the interdot tunneling matrix-element t
and the ondot Coulomb interaction U has a critical dependency i.e. for a given value of t there is
a critical value of U leading to the transition from antiferromagnetic correlation to ferromagnetic
correlation.
In Fig. 4(a), we have plotted the spin-spin correlation 〈S1 · S2〉 between the dots for the half-filled
case as a function of interdot tunneling matrix-element t and the ondot Coulomb interaction U at
a fixed value of interdot Coulomb interaction g = 5. It is observed that the ferromagnetic corre-
lation in the U − t parameter space corresponding to 〈S1 · S2〉 > 0 occupies large region of space
as compared to the antiferromagnetic region 〈S1 · S2〉 < 0. For small values of interdot tunneling
matrix-element t . V , the dots exhibit antiferromagnetic correlation even for large values of ondot
Coulomb interaction U  |ε| unlike the g = 0 case in Fig. 2(a) where the dots are correlated
ferromagnetically. The interdot Coulomb interaction g restricts the charge transfer between the
19
(a)At different U (b)At different t
FIG. 3. Zero temperature spin-spin correlation < S1 · S2 > between the dots in (a) as a function of the
interdot tunneling matrix-element t for Non-Interacting case U < |ε| and infinite U → ∞ case. The plots
correspond to five different values of ondot Coulomb interaction: U = 0.0−solid line; U = 0.5V−dashed
line; U = 1V−dotted line; U = 2V−dash-dotted line; U = 107V−dash double dotted line. (b) as a function
of the ondot Coulomb interaction U . The plots correspond to six different values of interdot tunneling
matrix-element t: t = 0−Solid line; t = 0.2V−dashed line; t = 0.4V−dotted line; t = 0.6V−dash-dotted
line; t = 0.8V−dash double dotted line and t = 1V−short-dashed line.
(a)〈S1 · S2〉 at g = 5 (b)Avg. occupation 〈n1σ〉 (c)Ground state
∣∣∣λ4,ηξ2 〉
FIG. 4. For the half-filled case with the Fermi energy fixed at εF = 0, the dot energies at ε = −5V and the
interdot Coulomb interaction at g = 5V ; in the unit of the hybridization parameter V . In (a) We show the
spin-spin correlation 〈S1 · S2〉 between the dots for the half-filled case as a function of interdot tunneling
matrix-element t and ondot Coulomb interaction U . The possible values lie between − 3
4
to + 1
4
. Positive
values of 〈S1 · S2〉 > 0 signifies the ferromagnetic correlation whereas the negative values 〈S1 · S2〉 < 0 the
antiferromagnetic correlation between the dots. (b) We show the average occupation of the dot-1 〈n1〉 as a
function of interdot tunneling matrix-element t and ondot Coulomb interaction U , can have values between
0 to 2. (c) We show the ground state of the half-filled system as a function of interdot tunneling matrix-
element t and ondot Coulomb interaction U . The integer value of η identifies one of the possible ground
states listed in Table II. In the figure above, blue corresponds to η = 1, yellow to η = 3 and brown to η = 4.
dots due to the tunneling matrix-element t and also renormalizes the ondot Coulomb interactions
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on the two dots. This brings into play the indirect exchange interaction between the dots via the
leads through the hybridization parameter V . The ground state of the system in this situation
corresponds to η = 1 shown in Fig. 4(c). From the explicit expression given in Table-II for the
spin-spin correlation between the dots calculated using the ground state corresponding to η = 1
in eq. (14), it is seen that the antiferromagnetic correlation depends on the coefficient C1,3ξ . The
coefficient C1,3ξ is the probability amplitude of the state α
†
a↑α
†
a↓ |Ξ〉 clearly showing that the elec-
trons on the dots form a singlet |Ξ〉. From eq. (9) it is observed that the coefficient C1,3ξ depends
on the hybridization parameter V allowing antiferromagnetic correlation to take place via leads.
From Fig. 4(a) it is observed that the critical dependency of the interdot tunneling matrix-element
t on ondot Coulomb interaction U causes alternate change of spin-spin correlation between the
dots from antiferromagnetic to ferromagnatic then again to antiferromagnetic. Consequently, the
ground state of the system changes from
∣∣∣λ4,1ξ2 〉 to ∣∣∣λ4,3ξ2 〉 and then to ∣∣∣λ4,4ξ2 〉 as shown in Fig 4(c).
The corresponding occupancies of the dots is nearly one < ni >≈ 1 as shown for dot-1 in Fig. 4(b).
(a)〈S1 · S2〉 at g = 10 (b)Avg. occupation 〈n1σ〉 (c)Ground state
∣∣∣λ4,ηξ2 〉
FIG. 5. For the half-filled case with the Fermi energy fixed at εF = 0, the dot energies at ε = −5V and the
interdot Coulomb interaction at g = 10V ; in the unit of the hybridization parameter V . In (a) We show the
spin-spin correlation 〈S1 · S2〉 between the dots for the half-filled case as a function of interdot tunneling
matrix-element t and ondot Coulomb interaction U . The possible values lie between − 3
4
to + 1
4
. Positive
values of 〈S1 · S2〉 > 0 signifies the ferromagnetic correlation whereas the negative values 〈S1 · S2〉 < 0 the
antiferromagnetic correlation between the dots. (b) We show the average occupation of the dot-1 〈n1〉 as a
function of interdot tunneling matrix-element t and ondot Coulomb interaction U , can have values between
0 to 2. (c) We show the ground state of the half-filled system as a function of interdot tunneling matrix-
element t and ondot Coulomb interaction U . The integer value of η identifies one of the possible ground
states listed in Table II. In the figure above, blue corresponds to η = 1, yellow to η = 3 and brown to η = 4.
For other higher values of the interdot Coulomb interaction g, the spin-spin correlation 〈S1 · S2〉
between the dots exhibit similar behavior, as seen for g = 5 in Fig. 4. For the sake of clarity, we
also give the plot in Fig. 5, showing the behavior of spin-spin correlation in U − t parameter space
at a fixed value of interdot Coulomb interaction g = 10. It is seen that the region corresponding to
ferromagnetic correlation in U − t parameter space in Fig. 5(a) is more than that for g = 5 given in
Fig. 4(a) but the value of spin-spin correlation 〈S1 · S2〉 ' 0 is very small. This signifies that the
spins on the dots are weakly coupled to form a triplet i.e. the ferromagnetic correlation is weak.
This is due to the fact that the interdot Coulomb interaction g causes the occupancies of the dots
to be less than one < ni > < 1 as can be seen from Fig. 5(b). A triplet is formed when each of
the dots contain an average of one electron < ni >∼ 1. Thus as the value of interdot Coulomb
interaction g is increased further, the occupancies of the dots may go on decreasing. In Fig. 5(c),
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the corresponding ground states
∣∣∣λ4,ηξ 〉 in U − t parameter space are given by the integer value η.
It is seen that the ground states for η = 1 and η = 3 correspond to antiferromagnetic correlation
and η = 4 corresponds to ferromagnetic correlation between the dots.
VI. CONCLUSION
The double quantum dot(DQD) system in parallel geometry with leads taken in the zero-
bandwidth limit has been studied using exact diagonalization. The analytical forms of the eigen-
states in each particle and spin sector with quantum numbers (N,S, Sz) are obtained and the ground
state in different regions of parameter space is identified from a four dimensional space in the half-
filled system. It is observed that out of the four possible ground states listed in Table-I, for a given
set of parameters, the system can exist only in one of the three states
∣∣∣λ4,1ξ2 〉, ∣∣∣λ4,3ξ2 〉 and ∣∣∣λ4,4ξ2 〉. The
spin-spin correlation between the dots is calculated for the ground state of the half-filled system.
The model calculation shows that depending on the set of values of ondot Coulomb interaction U
and interdot tunneling matrix-element t, the spins at the two dots form either a singlet or a triplet.
Even in the absence of interdot tunneling matrix-element t, the dots exhibit these two types of corre-
lation through indirect exchange via the leads. The system parameters (U, t) affect the occupancies
of the dots in such a way that a large value of ondot Coulomb interaction i.e. U  |ε| causes the
occupancies of the dots to be restricted to 〈ni〉 6 1 whereas the interdot tunneling matrix-element
t causes interdot charge transfer. It is the interplay of the above two effects that leads to different
spin configurations of the dots. The ferromagnetic and antiferromagnetic configurations exhibit a
sharp transition line in (U, t) parameter space. This transition line is affected in the presence of
interdot Coulomb interaction g. A very small value of interdot Coulomb interaction compared to
the ondot Coulomb interaction g  U , leads to significant variation in the transition line. It is also
observed that in the absence interactions, only antiferromagnetic correlation between the dots exist.
Thus, a singlet or triplet state within DQDs in parallel geometry, can be probed when interactions
are present in the system.
Appendix A:
The values mi and ni used in different sections are given as mi =
1
2 (qi + k
2
i − ri/ki), ni =
1
2 (qi + k
2
i + ri/ki) with k
2
i = zi − 23qi, zi = (−ui/2 + wi)
1
3 + (−ui/2− wi)
1
3 , wi =
√
u2i /4 + v
3
i /27,
ui = − 227q3i + 83piqi − r2i , vi = −4pi − 13q2i , pi = di − 3256ai4 − 14aici + 116ai2bi, qi = bi − 38ai2 and
ri = ci − 12aibi + 18ai3.
Appendix B:
The following short-hand notations have been used in various sections for writing basis states
in different electron number sectors |i (¯i)〉 ≡ c†
i(¯i)↑c
†
i(¯i)↓ |0〉,
∣∣l (l¯)〉 ≡ α†
l(l¯)↑α
†
l(l¯)↓ |0〉, |σ (σ¯)〉 ≡
c†iσ(σ¯)c
†
i¯σ(σ¯)
|0〉, |Θ〉 ≡ 1√
2
(
c†1↑c
†
2↓ + c
†
1↓c
†
2↑
)
|0〉, |Ξ〉 ≡ 1√
2
(
c†1↑c
†
2↓ + c
†
2↑c
†
1↓
)
|0〉, |D〉 ≡ c†1↑c†1↓c†2↑c†2↓ |0〉
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with i (¯i) = 1 (2), l
(
l¯
)
= s (a) and σ (σ¯) =↑ (↓).
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